Abstract. -We show that stable standing wave localized solutions of square symmetry are possible for a quintic Swift-Hohenberg type equation with complex coefficients. We point out that these localized solutions, which are surrounded by a pattern-free state exist for a range of values for the external stress parameter subcritically. We discuss similarities to recent experimental observations of standing wave localized squares in granular materials.
The study of stable localized states in pattern forming nonequilibrium systems has attracted considerable attention over the last few years, both experimentally [1] [2] [3] and theoretically (Refs. [4] [5] [6] [7] [8] [9] [10] and references therein). From a modeling point of view, two main stabilizing mechanisms for these stable localized states have emerged so far. One can be traced back to a feedback loop [4] : the frequency of the traveling waves depends on the shape of the pulse and conversely, the frequency affects the pulse shape, while the other one is based on a trapping mechanism due to the interaction between large and small length scales [10] in equations of the Swift-Hohenberg type. The Swift-Hohenberg type equations studied in reference [10] have a Lyapunov functional, and the localized states can be interpreted as a local minimum of the Lyapunov functional. For the first mechanism breathing localized solutions can appear owing to the nonvariational effect, for which the envelope varies periodically or chaotically as a function of time. These studies were performed for reaction diffusion equations [11] [12] [13] and for the quintic Ginzburg-Landau equation with complex coefficients [14, 15] . Given this situation one might wonder what types of localized solutions one can obtain in the context of nonvariational Swift-Hohenberg equations, which contain both, short (length scale of one unit cell like roll or hexagon of the pattern forming system) and long length scales.
Triggered by the very recent experimental observation of stable localized squares of standing waves embedded in a pattern-free background in granular media [16] , we demonstrate in this note that it is possible to get stable spatially localized states of standing waves with square 
with a complex field ψ. In equation (1) the coefficients a, b, c, and e are in general complex, since we are looking at a Swift-Hohenberg type equation for an oscillatory instability. The coefficient f is real and of similar structure as in reference [18] . a can be chosen to be real without loss of generality. The contributions proportional to a, b and d are just of the same structure as in the original Swift-Hohenberg equation [17] . In contrast to [17] , we will assume the cubic term (∝ b) to be destabilizing and keep a term quintic in the field ψ to be stabilizing. For simplicity we will consider real values for c in the following. In addition we have kept in equation (1) a nonlinear gradient term (∝ e), which is known to favor patterns with a fourfold symmetry above the onset of an instability [19] [20] [21] . Analyzing the amplitude equations associated with equation (1) for rolls and squares using periodic boundary conditions, one can easily show that over a certain subcritical range of a space filling subcritical squares are stable while traveling and standing rolls are unstable.
In the following we present the results of our numerical investigations of equation (1) in the subcritical domain. We used a time-splitting method and integrated the linear part exactly in time using Fourier transforms. In addition we took periodic boundary conditions. In Figure 1 we present a three-dimensional plot and a contour plot of a standing wave localized pattern of square symmetry at a fixed time T in the asymptotic regime. By asymptotic we mean that we have waited sufficiently long to make sure that the state shown is only changing in the fashion described below and that all transients have decayed. This localized pattern is stable to one shot noisy perturbations. It has been obtained starting with finite amplitude initial conditions over a finite area typically on a circular domain. We note that small amplitude perturbations around zero always decay, since we are concerned throughout the present note exclusively with the subcritical regime (a < 0).
To demonstrate the time periodic nature of the state shown in Figure 1 , we have plotted in Figure 2 the time evolution of the real part of ψ at two points within the localized state. Inspecting Figure 2 closely one sees immediately the true periodicity of this state. To elucidate further the time evolution we show in Figure 3 three-dimensional plots at equal time intervals evolving from the state shown in Figure 1 . Careful analysis of such plots reveals that the state investigated here is predominantly of standing wave nature with a small admixture of traveling wave or phase wave components. As a quite remarkable feature it turns out that, for example, the state shown in Figure 3 for T + 6 has a maximum amplitude, which is reduced by about an order of magnitude compared to the other states shown in Figures 1 and 3 . As the value of a is increased the localized state of standing wave squares eventually becomes unstable and is replaced by a state for which the squares fill the whole cell.
We underscore that such stable states of standing waves of square symmetry are novel and have not been obtained so far for the other cases for which oscillatory, spatially localized states have been reported in one and two spatial dimensions. This feature can be traced back to the two stabilization mechanisms that appear to be active here: one is a trapping mechanism, for which large wavelengths interact with wavelengths, which are comparable with the unit cell (e.g. roll) size, while the other one is the feedback effect described in reference [4] . A trapping mechanism has been postulated in rather general terms by Pomeau [22] and shown to be applicable to the trapping of wall solutions in the appropriate Swift-Hohenberg type equation in reference [23] . This trapping mechanism, which is dominant for small imaginary a) b) parts of the coefficients (and it is the only mechanism for vanishing imaginary parts [24] ), can be used to generate stable standing wave spatially localized regions of square symmetry in two spatial dimensions, that are surrounded by a pattern free state corresponding to value zero for the underlying field ψ, which contains both, the rapid and the slow spatial variations. These localized solutions turn out to be rather robust. As might be expected from the trapping mechanism, the resulting localized patterns depend rather sensitively on the initial conditions and/or on pre-history. This is brought out, for example, by the fact that for sufficiently small imaginary parts of the coefficients localized states of various sizes are possible. In contrast, the feedback mechanism is known to lead to localized states of fixed width [3] [4] [5] [6] [7] [8] [9] .
An important question is, of course, which experimentally accessible systems will be the closest where one could observe the phenomena presented in the present paper in a real system. Very recently localized square patterns of standing waves of various sizes in a pattern-free background have been observed for the Faraday instability in granular media [16] . In this case one deals with a parametrically excited system, which shares features with both, a system that is intrinsically oscillatory like the one studied here and with a stationary system [24] . A model equation for such a parametrically excited system is obtained by adding a forcing term gψ * e iωt to the right hand side of equation (1) . We have found a standing wave localized square pattern oscillating with frequency ω/2 in a certain parameter range also for this model equation. The model considerations described here can be viewed as a good starting point to understand qualitatively the experimental observations [16] , although the direct derivation of such model equations from granular dynamics may be difficult.
